
22

K(h) ' krKs (3-2)

kr ' 21/2e 1 & 1 & 21/(e
( 2

(3-3a)

2e '
[1 % ("*h&ha*)

$]&( for h<ha

1 for h$ha

(3-3b)

w here k r is  the rela tive perm ea bility, ra ng ing  in va lu e from  0 .0  to 1.0 , a nd K s  is  the s a tu ra ted
hydra u lic condu ctivity (L/T).  The s a tu ra ted hydra u lic condu ctivity is  a  flow  property of the
porou s  m ediu m  a nd flu id w hich is  determ ined by tes ts  perform ed u nder s a tu ra ted conditions . 
It repres ents  a  m a xim u m  pos s ible va lu e of effective hydra u lic condu ctivity.  The rela tive
perm ea bility term  des cribes  the influ ence of w a ter content on the m a g nitu de of the effective
hydra u lic condu ctivity.  Va lu es  of rela tive perm ea bility ra ng e from  a  m inim u m  va lu e reflecting
the redu ction of effective condu ctivity a t res idu a l w a ter content to a  m a xim u m  of 1.0  reflecting
s a tu ra ted conditions .  

The cha ng e in rela tive perm ea bility is  ca u s ed by cha ng es  in m ois tu re content, w hich res u lt in
the preferentia l m ovem ent of w a ter throu g h certa in pa thw a ys , du e to the influ ence of ca pilla ry
forces .  As  the s oil becom es  les s  s a tu ra ted, w a ter dra ins  m ore rea dily from  la rg e ra diu s  pore
s tru ctu res  a nd w a ter flow  becom es  res tricted to pore s equ ences  of s m a ller ra dii (Fig u re 3.2) a s
w ell a s  tha t held in la yers  clos e to the s oil pa rticles .  The res u lt of w a ter becom ing  increa s ing ly
res tricted to the s m a ller ra diu s  pa thw a ys  is  a  redu ction in the s pa tia lly-a vera g ed effective
hydra u lic condu ctivity.  

The decrea s e in effective hydra u lic condu ctivity, a s  reflected in the rela tive perm ea bility term ,
is  des cribed by pa irs  of em pirica l s oil-m ois tu re cu rves .  Thes e cu rves  deta il the rela tions hips
betw een w a ter content a nd pres s u re hea d a nd betw een hydra u lic condu ctivity a nd w a ter
content.  Soil-m ois tu re cu rves  a re often des cribed a s  coefficients  a nd exponents  of s ta nda rd
a na lytica l fu nctions  (Brook s  a nd Corey, 1966; M u a lem , 1976; va n G enu chten, 1980 ).  The
3DFEM W ATER code a llow s  the u s er to define the cu rves  u s ing  the va n G enu chten fu nctions
(1980 ) or a s  s ets  of pa ired va lu es  of rela tive perm ea bility vers u s  m ois tu re content a nd
m ois tu re content vers u s  pres s u re hea d g iven in look u p ta ble form a t.  The va n G enu chten
rela tions hips  fou nd in 3DFEM W ATER a re a s  follow s :

a nd
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Fig u re 3.2  Va ria ble pore s pa cing  in s oil u nder s a tu ra ted flow  conditions .

2e '
2w & 2wr
N & 2wr

(3-3c)

( ' 1 & 1/$ (3-3d)

w here

a nd
2 w  = m ois tu re content (dim ens ionles s )
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N  = poros ity (dim ens ionles s )
2 w r = res idu a l m ois tu re content (dim ens ionles s )
$, ( = s oil-s pecific exponents  (dim ens ionles s )
"   = s oil-s pecific coefficient (1/L)
ha  = a ir entry pres s u re hea d (L) 
2 e = effective m ois tu re content (dim ens ionles s )

Note tha t the s oil-m ois tu re content is  defined a s  the poros ity tim es  the deg ree of s a tu ra tion. 
Typica l s oil-m ois tu re cu rves  g enera ted from  Equ a tions  3-3a  a nd 3-3b a re pres ented in Fig u res
3.3a  a nd 3.3b.  
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F(h) ' d2w/dh (3-4)

Fig u re 3.3. Log a rithm ic plot of cons titu tive rela tions  for s a nd, cla y, s ilty loa m , a nd s a ndy
loa m :  (a ) m ois tu re content vs . pres s u re hea d a nd (b) rela tive perm ea bility vs .
m ois tu re content (ba s ed on da ta  pres ented in Ca rs el a nd Pa rris h, 1988).

The w a ter ca pa city term  or s tora g e term  u s ed in 3DFEM W ATER ca n be w ritten in the form :

It s hou ld be noted tha t du e to the rela tively s m a ll influ ence of com pres s ibility on w a ter ca pa city
in the u ns a tu ra ted zone (w ith res pect to the dra ina g e potentia l), s oil a nd w a ter com pres s ibility
ha ve been ig nored in the s tora g e term .  W hen a na lytica l fu nctions  a re u s ed to des cribe the
nonlinea rity of the rela tive condu ctivity, the deriva tive w ith res pect to pres s u re hea d of the
w a ter content vers u s  pres s u re hea d fu nction m u s t a ls o be a na lytica lly defined.  

The equ a tion g overning  s a tu ra ted flow  repres ents  a  lim iting  ca s e of Richa rd's  equ a tion w here
the rela tive perm ea bility is  a  cons ta nt of 1.0  a nd the w a ter ca pa city is  a  cons ta nt equ a l to the
s pecific yield for a n u nconfined a qu ifer or s pecific s tora g e for a  confined a qu ifer.

3.1.2  Bou nda ry Conditions  a nd Tra ns ient Sou rce/Sink  Term s  

Uniqu e s olu tions  to va ria bly-s a tu ra ted flow  problem s  a re g enera ted by s olving  Richa rd's
equ a tion in conju nction w ith 1) a  s et of bou nda ry conditions  defined a t the phys ica l edg es  of
the m odeled s ys tem  a nd 2) w here a ppropria te, s ou rce/s ink  term s  a pplied w ithin the s ys tem
(Fig u re 3.4).  Bou nda ry conditions  a va ila ble in the 3DFEM W ATER m odel inclu de fixed-hea d
(Dirichlet) bou nda ries , s pecified-flu x (Ca u chy) bou nda ries , s pecified-pres s u re-hea d g ra dient
(Neu m a nn) bou nda ries  a nd va ria ble (hea d-dependent flow ) bou nda ries .Fixed-hea d or Dirichlet
bou nda ries  a re bou nda ries  defined by pres cribing  pres s u re hea ds  a t s pecified bou nda ry nodes
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h ' hd(xb,yb,zb,t) on Bd (3-5)

s o tha t:

w here 
hd = s pecified pres s u re hea d (L) 
Bd = portion of the s ys tem  bou nda ry s u bject to a  Dirichlet 

    bou nda ry condition
xb,yb,zb = s pa tia l coordina tes  on the bou nda ry (L)

Dirichlet bou nda ries  a re typica lly u s ed to define the perim eters  of bodies  of w a ter, the w a ter
ta ble loca tion, a nd lea k ing  s u rfa ce im pou ndm ents  or other w a s te dis pos a l fa cilities  conta ining
s pecified levels  of w a ter.  Specified pres s u re hea ds  m a y be cons ta nt or a llow ed to va ry w ith
tim e reflecting  phys ica l proces s es  s u ch a s  w a ter level flu ctu a tions  a s s ocia ted w ith s ea s ona l
cha ng es  in ra infa ll a nd eva potra ns pira tion ra tes .

The s pecified-flu x (Ca u chy) bou nda ry repres ents  the portions  of the s ys tem  bou nda ry w here
infiltra tion or eva potra ns pira tion ra tes  ca n be qu a ntified.  The s pecified-flu x bou nda ry condition
ca n be w ritten:
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Fig u re 3.4. Conceptu a l m odel a nd m a them a tica l a pproxim a tion for va ria bly-s a tu ra ted flow
s ys tem .  W ithin the m odeled s ys tem , tra ns ient s ou rce/s ink  term s  m a y be
a pplied a s  point s ou rces /s ink s  or a s  dis tribu ted s ou rces /s ink s .
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&n@krKs@(Lh % Lz) ' qc(xb,yb,zb,t) on Bc (3-6)

&n@krKs@Lh ' qn(xb,yb,zb,t) on Bn (3-7)

w here 
n = ou tw a rd u nit vector norm a l to the bou nda ry
Lh = pres s u re hea d g ra dient 
Lz = g ra vity g ra dient 
qc = s pecified flu x ra te (L/T)
Bc = portion of the s ys tem  bou nda ry s u bject to a  s pecified-flu x

  bou nda ry condition
k r = rela tive perm ea bility
K s  = s a tu ra ted hydra u lic condu ctivity (L/T)

  
The s pecified-flu x condition is  a na log ou s  to a  Neu m a nn bou nda ry condition for s a tu ra ted flow
problem s  differing  only in the nonlinea r na tu re of the effective hydra u lic condu ctivity.  The
s pecified bou nda ry is  s im u la ted by a s s ig ning  w a ter flu x ra tes  a long  s pecified elem ent s ides . 
Flu x ra te vers u s  tim e profiles  ca n be inpu t to a ccou nt for s ea s ona l or other tim e-va ria nt
cha ng es  in ra infa ll a nd eva potra ns pira tion ra tes .  The defa u lt bou nda ry condition for
3DFEM W ATER is  a  zero s pecified-flu x bou nda ry condition, qc=0 .

Als o a va ila ble in 3DFEM W ATER is  a  s pecified-pres s u re-hea d g ra dient (Neu m a nn) bou nda ry
condition of the form :

w here qn (L/T) is  the portion of the bou nda ry flu x a ttribu ta ble to the pres s u re-hea d g ra dient a nd
Bn is  the portion of the s ys tem  bou nda ry s u bject to a  s pecified-pres s u re-hea d g ra dient
bou nda ry condition.  For u ns a tu ra ted flow  problem s , the pres ence of this  option provides  the
u s er a n efficient w a y of eva lu a ting  s ys tem s  w ith vertica lly extens ive va dos e zones .  As  long  a s
the a rea  of interes t in a  s tu dy is  a bove the ca pilla ry fring e, the s pecified-pres s u re-hea d
g ra dient bou nda ry condition a llow s  the u s er to tru nca te the s ys tem  a bove the w a ter ta ble
w ithou t k now ing  flu xes  or pres s u re hea ds  a  priori (Fig u re 3.5).  By choos ing  the s pecified-
pres s u re-hea d g ra dient bou nda ry condition option for elem ent fa ces  defining  the bottom
bou nda ry of the s ys tem , a nd s etting  the flu x qn equ a l to zero, the bottom  bou nda ry becom es  a
g ra vity dra ina g e bou nda ry.  This  is  equ iva lent to the code a llow ing  the u s er to s pecify a  flu x
a long  a  horizonta l bottom  bou nda ry of qc=k rK s .  This  a s s u m ption of zero vertica l cha ng e in
pres s u re hea d nea r the bottom  bou nda ry is  a  rea s ona ble a s s u m ption for s low ly va rying  flow
conditions  a nd repres ents  the ou tflow  bou nda ry condition tha t is  u s u a lly a s s u m ed for field
dra ina g e experim ents .  This  bou nda ry condition is  not a ppropria te for u s e in m odeling  the
s a tu ra ted zone.
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The va ria ble com pos ite bou nda ry condition repres ents  a  com bined Dirichlet/ s pecified-flu x
bou nda ry.  It a llow s  for tim e-va ria nt infiltra tion/ eva potra ns pira tion ra tes  w ith lim its  s et on the
m a xim u m  a nd m inim u m  pres s u re hea ds  w hich the bou nda ry nodes  m a y a tta in.  The va ria ble
bou nda ry conditions  du ring  periods  of precipita tion a re:
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Fig u re 3.5. U s e of a  pres s u re-hea d g ra dient bou nda ry condition to s im u la te a  portion of the
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u ns a tu ra ted zone.
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h ' hp(xb,yb,zb,t) on Bv (3-8a)

&n@krKs@(Lh % Lz) ' qp(xb,yb,zb,t) on Bv (3-8b)

h ' hp(xb,yb,zb,t) on Bv (3-8c)

h ' hm(xb,yb,zb,t) on Bv (3-8d)

&n@krKs@(Lh % Lz) ' qe(xb,yb,zb,t) on Bv (3-8e)

or

a nd du ring  periods  of nonprecipita tion a re:

or

or

w here 
hp = m a xim u m  pres s u re hea d (L) 
qp = m a xim u m  infiltra tion ra te (L/T) 
hm  = m inim u m  pres s u re hea d (L)
qe = m a xim u m  eva potra ns pira tion ra te (L/T)
Bv = portion of the s ys tem  bou nda ry s u bject to a  va ria ble

  bou nda ry condition

Phys ica lly, the m a xim u m  pres s u re hea d lim it on the bou nda ry prevents  the g enera tion of
ina ppropria te s u rfa ce w a ter m ou nding .  The m inim u m  pres s u re hea dres tra int k eeps  the
eva pora tion proces s  from  drying  the s oil nea r the bou nda ry to m ois tu re levels  low er tha n
res idu a l s a tu ra tion levels .  The va ria ble bou nda ry condition ca n be u s ed to a pproxim a te
s eepa g e fa ces  w ithin the s tu died a rea .

Interna l s ou rce/s ink  term s , a s  repres ented by the term  q (L3/T/L3) in Equ a tion 3-1 a re a ls o
a ccou nted for in 3DFEM W ATER.  As  w ith the bou nda ry conditions , the s ou rce/s ink  term s  ca n
be cons ta nt or a llow ed to va ry w ith tim e.  Tw o s ou rce/s ink  options  a re a va ila ble in the code. 
The firs t is  a  dis tribu ted s ou rce/s ink  option a nd the s econd is  a  point s ou rce/s ink  option.  

The dis tribu ted s ou rce option is  a  s ou rce intens ity tha t is  integ ra ted over the volu m e of a n
elem ent.  The u s er pres cribes  a  s ou rce intens ity, q2 (L

3/T/L3), or flu x ra te per u nit volu m e for
ea ch dis tribu ted s ou rce elem ent.  This  option a llow s  a  u s er m odeling  a  la rg e a rea  to
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a pproxim a te the influ ence of s evera l w ells  w ithin a n elem ent.

The point s ou rce/s ink  option is  g enera lly u s ed to repres ent produ ction or injection w ells .  W ells
a re repres ented a s  volu m etric w a ter flu xes , q1 (L

3/T), a pplied a t a  noda l point or to better
repres ent a  s creening  interva l, a  colu m n of noda l points  (Fig u re 3.6).  If vertica lly 
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Fig u re 3.6.  U s ing  a  s eries  of nodes  to repres ent a  s creened w ell interva l.
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Ce ' 0.5(Ks)n&1Ln&1 % (Ks)nLn (3-9)

h ' hi(x,y,z,t'0) in R (3-10)

INITIAL CONDITION

CONTINUOUS

PIECEW ISE

TIM E
0

a dja cent nodes  a re u s ed to repres ent the s creened interva l of a  w ell, the volu m etric flu x m u s t
be dis tribu ted a m ong  the nodes .  The m os t a ppropria te dis tribu tion of the tota l flu x is  in
proportion to the effective condu cta nces , Ce, of the individu a l nodes  w here the effective
condu cta nce of ea ch node is  defined a s :

w here n-1 a nd n a re indices  referring  to the elem ent below  the node a nd the elem ent a bove
the node res pectively a nd 0 .5L is  ha lf the thick nes s  of a n elem ent.

Tim e-va ria nt bou nda ry conditions  a nd s ou rce/s ink  flu x or flu x intens ity ra tes  a re defined by a
s eries  of pa ired tim e a nd va lu e points .  This  pa ired da ta  is  u s ed to a s s em ble a  look -u p ta ble
from  w hich a ppropria te va lu es  a re obta ined u s ing  linea r interpola tion a t s pecified tim es  of
a na lys is .  Cons ta nt va lu es  ca n be s pecified by a s s ig ning  the s a m e va lu e to a  s et of tw o
tim e/da ta  point pa irs , m a k ing  s u re tha t the s im u la tion tim e is  fu lly s pa nned.

3.1.3  Initia l Conditions

The s olu tion of Richa rd's  equ a tion a ls o requ ires  the initia liza tion of pres s u re hea d va lu es  s u ch
tha t:

w here hi is  the initia l pres s u re hea d dis tribu tion (L), a nd R is  the reg ion of interes t (Fig u re 3.7). 
Bes ides  providing  a  fra m e of reference for tra ns ient a na lys es , the initia l conditions  a re u s ed to
s et the nonlinea r pa ra m eters  a t the beg inning  of a  s im u la tion.  For tra ns ient problem s , a n
a ppropria te s et of initia l pres s u re hea d va lu es  m a y either be inpu t directly or derived from  a
s tea dy-s ta te s im u la tion.  For m ore inform a tion on thes e options  s ee Section 4.1.11.
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Fig u re 3.7.  Pres s u re hea d vers u s  tim e a t a  noda l point on the finite elem ent g rid.
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3.1.4  Stea dy-Sta te

W hen a na lyzing  the influ ence of tra ns ient s tres s es , s u ch a s  w ell produ ction s chem es  a nd
drou g ht conditions , on the flow  s ys tem , a  s ta rting  point m u s t be a s s u m ed.  The u s er defines
bou nda ry conditions  a nd flow  pa ra m eters  a s  bes t he/s he ca n, then does  a n initia l s im u la tion to
a llow  the s ys tem  to rea ch a n equ ilibriu m  or s tea dy-s ta te (Fig u re 3.8).  The s tea dy-s ta te
s im u la tion then defines  the pres s u re hea d a t a ll points  in the s ys tem  a nd it is  from  this  initia l
condition tha t a  tra ns ient s im u la tion is  s ta rted.  Althou g h the a ctu a l s ys tem  is  never rea lly in
s tea dy-s ta te, by u s ing  a vera g ed conditions  (i.e., ra infa ll, etc.) a  rea s ona ble s ta rting  point is
g enera ted.  If the s tea dy-s ta te s im u la tion fa ils  to converg e or the res u lts  poorly m a tch field
da ta , flow  pa ra m eters  a nd/or bou nda ry conditions  s hou ld be a dju s ted to im prove the s ta rting
conditions .  The s tea dy-s ta te or equ ilibriu m  condition is  g enera ted by rem oving  the tem pora l
term  from  Equ a tion 3-1.  The s ys tem  is  then defined a s  the equ ilibriu m  rea ched u nder the
a vera g e conditions .  

Bes ides  being  u s ed for initia l conditions  for a  tra ns ient s im u la tion, the s tea dy-s ta te flow  option
ca n a ls o be u s ed in conju nction w ith a  tra ns ient tra ns port s im u la tion.  Since the flow  s ys tem
w ill g enera lly rea ch equ ilibriu m  u nder non-cha ng ing  s tres s es  fa s ter tha n a n a s s ocia ted s olu te
tra ns port problem , u s ing  a  s tea dy-s ta te flow  field a nd a vera g e conditions  to define the
a dvective portion of s olu te tra ns port w ill often g ive a  g ood a pproxim a tion of the cha ng e of
s olu te dis tribu tion over tim e.  The s a ving s  in com pu ta tiona l effort ca n be cons idera ble a nd,
g iven the u ncerta inty of pa ra m eters  in the s ys tem , a n a ccepta ble a pproxim a tion m a y be
rea ched.



40

!
INITIAL CONDITION

STEADY-STATE

SOLUTION

0

TIM E

Fig u re 3.8. Pres s u re hea d vers u s  tim e a t noda l point w here s tea dy-s ta te s olu tion is  being
a pproa ched.
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h ' Nj(xi,t)hj(t) j ' 1,2,ÿ,n (3-11)

0 70 120 160 20 0 275 350 40 0 450 50 0 540 570 60 0 650

z
y

x

W ell

«

«

«

«

750 80 0 850 90 0 950 10 0 0

15

30

35

40

45

50

55

60
66
70

50
10 0

150
20 0

250
30 0

350
40 0

0

3.2  NUM ERICAL APPROXIM ATION IN 3DFEM W ATER

The 3DFEM W ATER m odel w a s  developed to s olve the va ria bly-s a tu ra ted flow  equ a tion
des cribed in Section 3.1.  In the m odel, Richa rd's  equ a tion (Equ a tion 3-1) is  a pproxim a ted
u s ing  the G a lerk in finite elem ent techniqu e.  The tim e integ ra l term  in Equ a tion 3-1 is
a pproxim a ted u s ing  ba ck w a rds  or centra l (Cra nk -Nichols on) difference in tim e.  The
nonlinea rity of the s ys tem  is  trea ted u s ing  Pica rd itera tion a nd the g enera ted s et of linea rized
equ a tions  is  s olved u s ing  a  block  itera tive m ethod.

3.2.1  G a lerk in Form u la tion

In 3DFEM W ATER, Richa rd's  equ a tion is  a pproxim a ted u s ing  the G a lerk in finite elem ent
m ethod (Pinder a nd Gra y, 1977) w here the dependent va ria ble, pres s u re hea d, is
a pproxim a ted by a  tria l fu nction of the form :

w here Nj(xi,t) a re the three-dim ens iona l s ha pe fu nctions  a nd h j(t) a re noda l va lu es  of pres s u re
hea d a t tim e t for the n nodes  of w hich the finite elem ent g rid is  com pris ed (Fig u re 3.9).
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Fig u re 3.9. Finite elem ent g rid for produ ction from  a  s ing le w ell in a  va ria bly-s a tu ra ted
porou s  m ediu m .
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m
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M ĥ
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& L @[krKs@(L ĥ % Lz)]&q dR ' 0 (3-12)

(h)
M(Njhj)

Mt
& L @ krKs@ hjLNj % Lz & q dR ' 0, i ' 1,2,.

j ' 1,2,.

(3-13)
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Nin@krKs@(hjLNj%Lz)dB&m
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NiqdR ' 0
(3-14)

Aij
dhj
Mt

% Bijhj ' Ci , i ' 1,2,...n

j ' 1,2,...n
(3-15a)

Aij ' jm
k'1 m

Re

F(h)N e
i N

e
j dR (3-15b)

Su bs titu ting  the tria l fu nctions  into Equ a tion 3-1 a nd a pplying  the G a lerk in criterion, a  s et of
w eig hted res idu a l m inim iza tion equ a tions  a re g enera ted of the form :

w here W i a re the w eig hting  fu nctions  a nd Rs  is  the volu m e being  s im u la ted.  

For the G a lerk in m ethod, the w eig hting  fu nctions  a re the s a m e a s  the s ha pe fu nctions . 
Su bs titu ting  W i = Ni a nd Equ a tion 3-1 into Equ a tion 3-12 res u lts  in:

w here n is  the nu m ber of nodes .  Integ ra tion by pa rts  ca n be u s ed to rid Equ a tion 3-13 of a ll
s econd order deriva tives , lea ving  a  s et of equ a tions  of the form :

w here Bs  is  the reg ion bou nda ry.  The integ ra ls  g iven in Equ a tion 3-14, w hich a re ta k en over
the entire reg ion being  m odeled, ca n be repla ced by the s u m m a tion of integ ra ls  ta k en over the
individu a l elem ents  of w hich the finite elem ent g rid (Fig u re 3.9) cons is ts .  This  finite elem ent
a pproxim a tion g enera tes  a  s et of n noda l equ a tions  of the form :

w here
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Bij ' jm
k'1 m

Re

LN e
i @krKs@LN

e
j dR (3-15c)
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Re

krKs@LN
e
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Re
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Aij
)tk

h k%1
j & h k

j % wB k%w
ij h k%1

j % (1&w)B k%w
ij h k

j ' C k%w
i (3-16)

a nd

w here m  is  the nu m ber of elem ents  into w hich the s ys tem  is  dis cretized a nd Ne denotes
elem enta l s ha pe fu nctions .

3.2.2  Solu tion Techniqu es

To s olve the s eries  of linea rized ordina ry differentia l equ a tions  pres ented in Equ a tion 3-15a ,
the tim e differentia l is  repla ced by a  finite difference form u la tion, res u lting  in w ork ing  equ a tions
for 3DFEM W ATER of the form :

w here k +1 repres ents  the cu rrent tim e level, k  the previou s  tim e level, )t the leng th of the
cu rrent tim e s tep a nd w  the tim e w eig hting  fu nction (1.0 =ba ck w a rds  in tim e; 0 .5=Cra nk
Nichols on or centered in tim e).  Note tha t the a s s ocia ted tra ns port code, 3DLEW ASTE, u tilizes
a  ba ck w a rds -in-tim e s chem e.  Therefore, w hen u s ing  3DFEM W ATER to g enera te a  flow  field
for a  3DLEW ASTE s im u la tion, the ba ck w a rds -in-tim e option s hou ld be u s ed.  This  prevents  the
pos s ibility of a  m is m a tch in the interpola tion of tim e-va ria nt bou nda ry condition a nd s ou rce/s ink
flu x va lu es .

For ea ch tim e s tep, the s olu tion m ethod involves  a n ou ter a nd inner itera tive s chem e (Fig u re
3.10 ) w here the ou ter itera tions  control converg ence of the nonlinea r term s  in the equ a tions
a nd the inner itera tive s chem e controls  the block -itera tive m ethod of s olving  the linea rized s et
of equ a tions .  For ea ch nonlinea r itera tion, the linea rized s et of equ a tions  is  s olved u s ing
rela tive perm ea bility a nd s tora g e term s  u pda ted u s ing  pres s u re hea d va lu es  g enera ted du ring
the previou s  nonlinea r (ou ter) itera tion.  Rela tive perm ea bility a nd s tora g e term s  for the firs t
itera tion in a  tim e s tep a re ba s ed on pres s u re hea d va lu es  from  the previou s  tim e s tep, or for
the firs t tim e s tep, from  the initia l conditions .  

Beca u s e of the s trong  nonlinea r na tu re of the s oil m ois tu re cu rves , the ou ter itera tive s chem e
m a y becom e u ns ta ble.  To help circu m vent this  problem  it is  often helpfu l to da m p the itera tive
cha ng es  in the pres s u re hea d.  One m ethod of da m ping  the itera tive cha ng es  is  throu g h the
u s e of a n u nder-rela xa tion fa ctor.  Im plem enta tion of the u nder-rela xa tion fa ctor for the ou ter
itera tions  in 3DFEM W ATER is  a s  follow s :
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h r%1
i ' (1 & u)h r

i % uh r%1
i (3-17)

w here u  is  the ou ter u nder-rela xa tion fa ctor a nd r is  the itera tion nu m ber.  If da m ping  is
needed, va lu es  below  one s hou ld be u s ed.  Accelera tion or over-rela xa tion (1.0 < u < 2.0 ) is
g enera lly not recom m ended for the nonlinea r itera tions
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Fig u re 3.10 .Solu tion s chem e for u ns a tu ra ted flow  a na lys is .
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h s%1
i ' (1 & o)h s

i % oh s%1
i (3-18)

a s  it m a y m a k e the s olu tion becom e u ns ta ble.  For tra ns ient s im u la tions , redu ction of the tim e-
s tep s ize ca n a ls o help increa s e the s ta bility of the s olu tion s chem e.  Note tha t s om etim es
s tea dy-s ta te problem s  w ill be difficu lt to s olve.  In this  ca s e, it is  often w orth trying  a  tra ns ient
s olu tion a pproa ch, u s ing  expa nding  tim e s teps  to a pproa ch the s tea dy-s ta te s olu tion. 

For ea ch nonlinea r itera tion, a  s et of linea rized s im u lta neou s  equ a tions  is  s olved u s ing  a  block
itera tive s chem e.  The u s er defines  a  s et of s u breg ions  (or block s ) by pres cribing  the nodes
conta ined in ea ch s u breg ion (Fig u re 3.11).  The code then g enera tes  a  s eries  of connectivity
a rra ys  indica ting : 1) the nodes  conta ined in ea ch s u breg ion, 2) for ea ch node, a ll other nodes
fou nd in elem ents  it is  pa rt of, a nd 3) w hich of thes e a dja cent nodes  a re loca ted in the s a m e
s u breg ion.  The noda l equ a tions  for ea ch s u breg ion a re s olved directly u s ing  a  G a u s s ia n
s olver.  For ea ch noda l equ a tion defined in Equ a tion 3-15a , contribu tions  from  a dja cent nodes
fa lling  ou ts ide the s u breg ion being  s olved for a re g enera ted by m u ltiplying  the m a trix term s
w ith the a ppropria te noda l pres s u re hea ds .  Thes e pres s u re hea ds  a re g enera ted du ring  the
la s t direct s olu tion for the s u breg ion conta ining  the a dja cent nodes .  

Su breg ions  a re g enera lly defined a s  noda l pla nes  (Fig u re 3.11) a llow ing  the u s er to w ork  w ith
a  m inim a l ha lf-ba ndw idth w hen the direct s olver is  invok ed.  The ha lf-ba ndw idth is  defined a s
one plu s  the la rg es t difference betw een the node nu m ber a s s ocia ted w ith the noda l equ a tion
a nd the other nodes  fou nd in elem ents  the node is  pa rt of a nd w hich a re in the s a m e block  a s
the node.  As  a  g enera l ru le, s u breg ions  com pris ed of vertica l or s u b-vertica l noda l s lices
provide the s m a lles t ha lf-ba ndw idth a nd w ill perform  w ell in the block  itera tive m ethod,
a lthou g h this  m a y not a lw a ys  be the ca s e.  For s om e problem s , horizonta l s licing  m a y be
a dva nta g eou s .  The block  itera tive log ic conta ins  a  rela xa tion fa ctor w hich ca n be u s ed to
over-rela x the s olu tion a nd help a ccelera te the ra te of converg ence. Im plem enta tion of the
inner over-rela xa tion s chem e is  a s  follow s :

w here s  denotes  the inner itera tion nu m ber a nd o is  the over-rela xa tion fa ctor.  The optim a l
va lu e of the over-rela xa tion fa ctor u s u a lly fa lls  betw een 1.5 a nd 1.9.  A g ood s ta rting  point is  o
= 1.72.

3.3  3DLEW ASTE

3DLEW ASTE is  des ig ned to s im u la te the m ovem ent of dis s olved s pecies  throu g h a  va ria bly-
s a tu ra ted porou s  m ediu m .  Typica l a pplica tions  for 3DLEW ASTE inclu de the exa m ina tion of: 1)
lea cha te m ig ra tion from  la ndfills  a nd s u rfa ce im pou ndm ents , 2) the influ ence on w a ter qu a lity
of pes ticide a nd fertilizer a pplica tions , a nd 3) the environm enta l im pa ct of lea k y conta inm ent
s tru ctu res  s u ch a s  u nderg rou nd a nd a bove g rou nd s tora g e ta nk s  (Fig u re 3.12).  Velocity fields
needed to define the a dvective pa thw a ys  of w a ter bea ring  the chem ica ls  a re provided by
a s s ocia ted 3DFEM W ATER s im u la tions .


